Abstract. We derive optimal order a posteriori error estimates for fully discrete approximations of linear Schrödinger-type equations, in the L ∞ (L 2 )−norm. For the discretization in time we use the Crank-Nicolson method, while for the space discretization we use finite element spaces that are allowed to change in time. The derivation of the estimators is based on a novel elliptic reconstruction that leads to estimates which reflect the physical properties of Schrödinger equations. The final estimates are obtained using energy techniques and residual-type estimators. Various numerical experiments for the one-dimensional linear Schrödinger equation in the semiclassical regime, verify and complement our theoretical results. The numerical implementations are performed with both uniform partitions and adaptivity in time and space. For adaptivity, we further develop and analyze an existing time-space adaptive algorithm to the cases of Schrödinger equations. The adaptive algorithm reduces the computational cost substantially and provides efficient error control for the solution and the observables of the problem, especially for small values of the Planck constant.
Introduction
In this paper we focus on the a posteriori error control and adaptivity for fully discrete Crank-Nicolson finite element (CNFE) schemes for the general form of linear Schrödinger equation:
in Ω × (0, T ],
where Ω is a convex "polygonal" domain in R d , 1 ≤ d ≤ 3, with boundary ∂Ω, and 0 < T < ∞. In (1.1), α is a positive constant, g : Ω × (0, T ] → R and f : Ω × (0, T ] → C are given functions and u 0 : Ω → C is a given initial value.
A special case of (1.1) is the so-called linear Schrödinger equation in the semiclassical regime:
with high frequency initial data. It is clear that (1.2) can be obtained from (1.1) by setting α := ε 2 , g := 1 ε V and f ≡ 0. In (1.2), ε (0 < ε 1) is the scaled Planck constant, V is an L ∞ (L ∞ ) time-dependent potential and u is the wave function. The wave function u is used to define primary physical quantities, called observables ( [2, 16] ), such as the position density, (1.3) N (x, t) := |u(x, t)| 2 , that for standard finite element (FE) methods there is a very restrictive dispersive relation connecting the mesh sizes (space and time) with parameter ε; cf., e.g., (4.9) below. This restrictive dispersive relation can be relaxed using the so-called time-splitting spectral methods, introduced earlier by Bao, Jin & Markowich in [2] , for the approximation of the solution of (1.2). In this paper, our goal is to show that constructing adaptive algorithms based on rigorous a posteriori error control leads to CNFE schemes which are competitive to the best available methods for the approximation of the solution (and the observables) of the semiclassical Schrödinger equation (1.2) , and in general of linear Schrödinger equations of the form (1.1). It also permits, for the first time, realistic computations for rough potentials for the linear Schrödinger equation in the semiclassical regime.To achieve our goal, in the current work we:
• Provide rigorous a posteriori error analysis for (1.1) for CNFE approximations using FE spaces that are allowed to change in time; • Study the advantages of adaptivity through the obtained estimators for the efficient error control of (1.1).
Optimal order a posteriori error estimates for the heat equation for CNFE schemes with FE spaces that are allowed to change in time have been derived very recently by Bänsch, Karakatsani & Makridakis in [5] . However the extension of those ideas from the simple heat equation to the linear Schrödinger equation (1.1) is of increased difficulty due to the complex-value and multiscale nature of the problem. Because of this, novel ideas and techniques are introduced. More precisely, our main contributions are:
• Derivation of optimal order a posteriori error bounds in the L ∞ (L 2 )−norm for CNFE schemes for (1.1). The fact that the analysis includes time-dependent potentials, makes the problem more challenging since there are no rigorous results for Schrödinger equations for such potentials. In addition the existing literature on a posteriori error analysis for problems with time-dependent operators of the form A(t) := −α∆ + g(x, t) is quite limited. To the best of our knowledge, only in [7] the authors consider similar operators. Moreover the derived estimates hold for L ∞ (L ∞ )−type potentials as well, in contrast to the existing literature. In particular, existing results require smooth C 1 (C 2 )−type potentials. However, this regularity requirement on the potential is rather restrictive from applications' point of view. Including L ∞ (L ∞ ) time-dependent potentials in the analysis is important for another reason: It can be considered as the first step for the a posteriori error control of nonlinear Schrödinger (NLS) equations. More precisely, the relaxation scheme introduced by Besse in [3] suggests that a posteriori error bounds for linear Schrödinger equations with L ∞ (L ∞ )−type time-dependent potentials is essential for the efficient approximation of the solution of certain NLS equations.
• Introduction of a novel elliptic reconstruction leading to upper bounds that do not involve the global L ∞ (L ∞ )−norm of g, and thus, to bounds that do reflect the physical properties of the problem.The elliptic reconstruction was developed by Makridakis & Nochetto in [24] to derive optimal order L ∞ (L 2 ) a posteriori error bounds for FE spatial discrete schemes for the heat equation using energy techniques. A straightforward generalization of this notion of the elliptic reconstruction to Schrödinger equations leads to estimates that involve the L ∞ (L ∞ )−norm of the potential. Consequently, the obtained estimates are practically useless and adaptivity is inefficient, even in the simplest case of constant potentials. Therefore, proposing a modified elliptic reconstruction based on the physical properties of the problem under consideration is crucial for the efficient error control of (1.1) (and so (1.2)). Additionally, the new ideas developed for this purpose might be useful for other problems as well, such as convection-diffusion or reaction-diffusion problems.
• A detailed numerical study on the reliability and robustness of the a posteriori estimators through a timespace adaptive algorithm. Our starting point is the adaptive algorithm proposed in [28] , adapted to the linear Schrödinger equation, (1.2) . The a posteriori estimators derived in this work are on the solution u of (1.1). However, in many applications observables like the position density (1.3), or the current density (1.4) are far more important than the solution itself. Thus, we introduce an appropriate modification of the a posteriori estimators and the adaptive algorithm. This modification is based on a heuristic idea and the results concerning the observables are very encouraging. Overall, the adaptive algorithm reduces the computational cost substantially and provides efficient error control of u and the observables for small values of the Planck constant ε. It is very difficult to obtain such results via standard techniques and without adaptivity. We point out that our purpose is not to prove convergence and optimality of the considered time-space adaptive algorithm, but rather to show that adaptivity based on rigorous a posteriori error control can be proven beneficial for the approximation of the solution (and the observables) of the linear semiclassical Schrödinger equation (1.2). In addition, it is to be emphasized that as long as the adaptive algorithm converges, we can guarantee rigorously, based on the a posteriori error analysis, that total error remains below a given tolerance.
For parabolic problems, a number of adaptive algorithms exists in the literature; cf., e.g., [9, 30] and the references therein. However, convergence and optimality of time-space adaptive algorithms are very delicate and difficult issues. In the literature exists only one proven convergent time-space adaptive algorithm for evolution problems and can be found in [17] . This algorithm is appropriate for the heat equation and backward Euler FE schemes and it is not clear how to generalize it to other problems and higher order in time methods.
Despite the fact that problem (1.1) (and thus (1.2)) is linear, a posteriori error bounds and adaptive algorithms for linear Schrödinger equations are very limited in the literature. In particular, a posteriori error estimates in the L ∞ (L 2 )−norm for fully discrete CNFE schemes have been proven earlier by Dörfler in [13] ; these estimates are first order accurate in time, thus not optimal. Using these estimates, Dörfler also proposes an adaptive algorithm in [13] . In [18] (see also [19] ), we considered only time-discrete approximations and we managed to prove optimal order a posteriori error estimates for (
and L ∞ (H 1 )−norms. This was achieved using the Crank-Nicolson reconstruction proposed by Akrivis, Makridakis & Nochetto in [1] . Similar estimates for (1.1), using an alternative reconstruction, proposed by Lozinski, Picasso & Prachittham in [23] , can be found in [19] . To the best of our knowledge, optimal order a posteriori error estimates for fully discrete CNFE schemes do not exist in the literature. Some preliminary results to that direction can be found in [19] . However, the a posteriori estimators derived in [19] are scaled by the global L ∞ (L ∞ )−norm of g. Hence, as already mentioned, the derived estimators do not reflect the physical properties of the problem, which makes adaptivity through these estimates not reliable.
A posteriori error estimates in the L ∞ (L 2 )−norm have been proven earlier in [20] for uniform partitions and the time-splitting spectral methods for the linear Schrödinger equation in the semiclassical regime (1.2). In [20] , only the one-dimensional case in space is studied and the analysis, as in [2] , permits only timeindependent potentials, without being obvious how the theory can be extended to time-dependent potentials. In addition, the time-spectral methods require smooth potentials; the particular analysis is not applicable for L ∞ (L ∞ )−type potentials. The analysis of the current paper is based on the introduction of appropriate space-time reconstructions. Such reconstructions for CNFE methods and FE spaces that are allowed to change in time were introduced, for the first time, very recently, by Bänsch, Karakatsani & Makridakis in [5] , for the proof of optimal order a posteriori estimates in the L ∞ (L 2 )−norm for the heat equation. To define those time-space reconstructions, the authors combined the idea of the elliptic reconstruction in [24] with the Crank-Nicolson reconstruction of [1, 23] . The notion of the elliptic reconstruction has also been used earlier in [21] and [15] for the derivation of optimal order a posteriori error estimates for backward Euler FE schemes for the heat and the wave equation, respectively. The reconstruction technique is a useful tool for deriving optimal order a posteriori error bounds; usually, this is not feasible via a direct comparison of the exact and the numerical solution; cf., e.g., [13, 33] . In our context, time-space reconstructions can be defined through the novel elliptic reconstruction we introduce and the Crank-Nicolson reconstruction of [1] .
More precisely, the paper is organized as follows. In Section 2, we introduce notation, the variational formulation of problem and the fully discrete scheme. We propose the novel elliptic reconstruction and discuss its properties. With the aim of this new elliptic reconstruction, we then define appropriate time-space reconstructions. The main theoretical results are stated in Section 3, where the a posteriori analysis is developed and optimal order error bounds are derived using energy techniques, residual-type error estimators and the properties of the reconstructions. The two last sections are devoted to the numerical investigation of the efficiency of the estimators. In particular, in Section 4, we validate numerically the optimal order of convergence of the estimators using uniform partitions. For the linear Schrödinger equation in the semiclassical regime, we verify numerically that the estimators have the expected behavior with respect to the scaled parameter ε. Finally, in Section 5, we appropriately modify and apply to the one-dimensional semiclassical Schrödinger equation a time-space adaptive algorithm described in [9, 30] (see also [28] ). We further develop the algorithm and we make it applicable for the approximation not only of the exact solution u but also for the observables, and we discuss in detail the benefits of adaptivity for equations of the form (1.2).
Preliminaries
2.1. The continuous problem. Problem (1.1) can be rewritten equivalently in variational form as
where ·, · denotes the L 2 −inner product, or the H −1 − H 1 0 duality pairing, depending on the context. We also denote by · the norm in
(Ω) ; cf., e.g., [29, 11, pages 620-630] . We thus assume that the data of (1.1) have the necessary regularity to guarantee the existence of a unique weak solution of (2.1). We emphasize that the a posteriori error estimates derived in the sequel, remain valid for g ∈ L ∞ Ω × (0, T ) as well, provided that (1.1) is well-posed. In other words, in contrast to the existing analyses, ours includes rough potentials as well, under the knowledge of the well-posedness of (1.1). To avoid making the forthcoming analysis more technical, we further assume that g satisfies
Condition (2.2) is not restrictive from applications' point of view, as, in most applications, g denotes a nonnegative potential and thus (2.2) is automatically satisfied.
2.2. The method. We consider a partition 0 =:
, and let I n := (t n−1 , t n ] and k n := t n − t n−1 , 1 ≤ n ≤ N, denote the subintervals of [0, T ] and the time steps, respectively. Let also k := max 1≤n≤N k n . We discretize (1.1) by a Galerkin finite element method. To this end, we introduce a family {T n } N n=0 of conforming shape-regular triangulations of Ω. We further assume that each triangulation T n , 1 ≤ n ≤ N, is a refinement of a macro-triangulation of Ω and that T n−1 and T n are compatible. Two triangulations are said to be compatible if they are derived from the same macro-triangulation by an admissible refinement procedure. For precise definitions of these properties of the family {T n } N n=0 , we refer to [21, 12] . Note that the triangulations are allowed to change arbitrarily from one step to another, provided they satisfy the aforementioned compatibility conditions. These conditions are minimal and allow for heavily graded meshes and adaptivity. Additionally, the forthcoming analysis is applicable without any quasiuniformity type assumptions on the mesh and without any restrictions on the sizes of neighboring elements of the triangulation.
For an element K ∈ T n , we denote its boundary by ∂K. Let h K be the diameter of K ∈ T n and h := max 0≤n≤N max K∈Tn h K . Let also Σ n (K) be the set of internal sides of K ∈ T n (points in d = 1, edges in d = 2 and faces in d = 3) and define Σ n := K∈Tn Σ n (K). To any side e ∈ Σ n , we associate a unit vector n e on e and for x ∈ e and a function υ, we define
To each triangulation T n , we associate the finite element space V n ,
where P r denotes the space of polynomials in d variables of degree at most r. With T n := T n ∧ T n−1 we denote the finest common coarsening triangulation of T n and T n−1 and by
its corresponding finite element space. Finally, letΣ n := Σ n Σ n−1 , and for K ∈ T n , leť Σ n K :=Σ n K, where the element K ∈ T n is taken to be closed.
We now discretize problem (1.1) by a modified Crank-Nicolson-Galerkin scheme, introduced earlier for the heat equation in [5] . Given an approximation U n−1 ∈ V n−1 to the exact solution at t n−1 we define approximation U n ∈ V n to the exact solution u at the nodes t n , 0 ≤ n ≤ N, by the numerical method:
, and P n :
Π n : V n−1 → V n are appropriate projections or interpolants. In Sections 4, 5, where we discuss the numerical experiments, P n and Π n are taken to be the L 2 −projection. However, the theory is still valid for other choices of P n and Π n (cf. [5, 6] ), and therefore we consider the method in this general setting. Another non-standard term appearing in (2.4) is Π n ∆ n−1 U n−1 instead of ∆ n U n−1 . As it was observed in [5, 6] , considering ∆ n U n−1 instead of Π n ∆ n−1 U n−1 may lead to oscillatory behavior of the obtained a posteriori estimators. For this reason, we consider the modified scheme (2.4) instead of the standard one.
2.3.
Novel elliptic reconstruction-Residual-type estimators. The elliptic reconstruction was originally introduced by Makridakis & Nochetto in [24] for the proof of optimal order a posteriori error estimates in space in the L ∞ (L 2 )−norm for evolution problems, using energy techniques. It was also one of the main tools in the a posteriori error analysis of the heat equation for Crank-Nicolson fully discrete schemes; cf. [5] . For the linear Schrödinger equation (1.1), we introduce a new type of elliptic reconstruction which reflects the physical properties of the problem, and in particular the physical properties of the semilcassical Schrödinger equation (1.2) . To this end, we introduce, in each I n , the constant
) .
The main reason for the choice of (2.5) is that the knowledge on "how far fromḡ n is g in Ω" gives qualitative information on the behavior of the exact solution, especially in the case of linear Schrödinger equation in the semiclassical regime. In order for the elliptic reconstruction we introduce below to be well defined, we need g n ≥ 0, which is automatically satisfied due to (2.2).
Definition 2.2 (novel elliptic reconstruction).
For fixed V n ∈ V n we define the elliptic reconstruction R n V n ∈ H 1 0 (Ω) of V n to be the weak solution of the elliptic problem
(Ω). As we shall see in the sequel, the above modified elliptic reconstruction will allow us to obtain qualitatively better a posteriori error estimators compared to those obtained using the standard elliptic reconstruction; cf., [19] . In fact, the sup x∈Ω |g(x, t)| that appears in the standard results of a priori error analysis, can now be replaced, due to (2.6), by sup x∈Ω |g(x, t) −ḡ n |, t ∈ I n , leading to better constants. A very interesting question here, that needs further investigation, is whether the global constant sup x∈Ω |g(x, t) −ḡ n | can be localized in each element. This will not only lead to better constants in the final a posteriori error estimators, but also might give the inspiration of proposing appropriate adaptive strategies.
Using (2.3), we see that R n satisfies the orthogonality property
Let now z be the weak solution of the following elliptic problem
(Ω), and let I n z be its Clément-type interpolant in V n (for the definition of the Clément-type interpolant and its properties we refer to [4, 10, 32] ). Then we can prove the next auxiliary lemma.
Lemma 2.1. Let z be the solution of (2.8) and I n z its Clément-type interpolant. Then, for all V n ∈ V n , we have the following estimate for
and thus, invoking the definition of the modified elliptic reconstruction (2.6) and the orthogonality property (2.7), we arrive at
Since both α andḡ n are positive, (2.9) follows by (R n − I)V n , z = ∇z 2 ≥ 0; cf. (2.8).
Since we use finite element spaces that are allowed to change from t n−1 to t n , we will need to work with quantities of the form (R n − I)V n − (R n−1 − I)V n−1 for V n ∈ V n and V n−1 ∈ V n−1 . To estimate such a quantity, we consider the elliptic problem
(Ω) with solutionẑ and we denote by I nẑ its Clément-type interpolant onto V n . Lemma 2.2. For V n ∈ V n and V n−1 ∈ V n−1 we have that
Proof. The proof is similar to the proof of Lemma 2.1.
To estimate a posteriori the errors (R n − I)V n and (R n − I)V n − (R n−1 − I)V n−1 , we use residual-type error estimators. To this end, for a given V n ∈ V n , 0 ≤ n ≤ N, we define the following L 2 −elliptic estimator:
.
In case d = 1, the term with the discontinuities in (2.11) vanishes. For V n ∈ V n and V n−1 ∈ V n−1 , 1 ≤ n ≤ N, we also define (2.12)
In view of the definition of η V n and of (2.9), the Lemma below is standard. Its proof is based on duality arguments and the elliptic regularity estimate for the Laplace operator. For details on the proof we refer, for example, to [24, 21] .
where the constant C depends only on the domain Ω and the shape regularity of the family of triangulations.
Similarly, by (2.10) the estimate (2.14) in the next lemma holds. For a detailed proof, we refer to [21, 5] .
where the constant C depends only on the domain Ω, the shape regularity of the triangulations, and the number of bisections necessary to pass from T n−1 to T n .
2.4.
Space and time-space reconstructions. We first define the continuous, piecewise linear interpolant
The space reconstruction of U , that was used in [21] to obtain of optimal order a posteriori error estimates for the backward Euler-Galerkin fully discrete scheme is given via
However, as the authors note in [1, 23] to obtain optimal order in time a posteriori error estimates for the CrankNicolson method, a reconstruction in time is also needed. Here, with the aid of the new elliptic reconstruction (2.6), we propose a two-point time-space reconstruction for linear Schrödinger equations and the method (2.4). 
where
denote the linear interpolants of gU and f , respectively, at the nodes t n−1 and t n− , and
In order to write compactly method (2.4) and the reconstruction U , we introduce the notation (2.20)
With this notation, the reconstruction U is rewritten as
and method (2.4) as
Note that in each [t n−1 , t n ], W is a linear polynomial between the values t n−1 , W (t n−1 ) and t n− ) . Thus, it is straightforward to see that
In particular, U is continuous in time. Furthermore, it satisfies (2.24)
is obvious from the definition of U . Moreover,
Since W is a linear polynomial in time in I n , we have that
) and that U (t n ) = R n U n follows invoking (2.22). Finally, (2.24) is an immediate consequence of differentiation in time of (2.16).
We conclude the section by computing the difference U − ω. For this, we introduce, for 1 ≤ n ≤ N, the notation
Proof. Using the definitions of U and ω and the method in the form (2.22) we obtain
Thus, using (2.23) and the fact that
Equality (2.26) follows now from (2.27), by noting that ∂ t W (t) =∂W 
A Posteriori Error Estimates in the
In this section, we establish a posteriori error estimates in the L ∞ (L 2 )−norm for problem (1.1), using the tools developed in the previous section. To this end, we denote by e := u − U the error, where recall that U is the piecewise linear interpolant between the nodal values U n−1 and U n ; cf. (2.15). To achieve proving optimal order a posteriori error estimates in the L ∞ (L 2 )−norm for (1.1) we split the error as e :=ρ + σ + , withρ := u − U , σ := U − ω and := ω − U. We refer toρ as the main error, to σ as the time-reconstruction error and to as the elliptic-reconstruction error. The term σ measures the error due to the reconstruction in time. This term is of optimal order in time, cf. (2.26), but not yet an a posteriori quantity. It can be estimated a posteriori using the residual-type error estimators. The residual estimators will also be used for the direct estimation of the elliptic-reconstruction error. Finally, as we shall see, the main errorρ satisfies a perturbation of the original PDE and it will be bounded by the perturbed terms using energy techniques. The perturbed terms are either a posteriori quantities of optimal order, or can be estimated a posteriori by estimators of optimal order. These terms will include quantities that measure the time and space errors, the effect of mesh changes and the variation of the data f and g. We now proceed with the estimation of σ and in Propositions 3.1 and 3.2, respectively. Proposition 3.1 (estimation of the time-reconstruction error). For 1 ≤ m ≤ N , the following estimate is valid for the time reconstruction error σ = U − ω:
Proof. We write
2 and the desirable result now follows using (2.13) and (2.26).
Proposition 3.2 (estimation of the elliptic error).
For the elliptic error = ω − U we have, for 1 ≤ m ≤ N :
from where we immediately conclude (3.2), in view of (2.13).
3.2. Estimation of the main error. In view of (2.24) we see that the reconstruction U satisfies, for t ∈ I n , the equation
Proposition 3.3 (error equation forρ).
The main errorρ = u − U satisfies, for t ∈ I n , the equation
where the residuals R j , 1 ≤ j ≤ 4, are given by
Proof. Subtracting (3.3) from (2.1) we obtain, for t ∈ I n ,
where we recall that
Similarly, in view of (2.26), we obtain
Combining (3.10), (3.4) with (3.11), (3.12) and using (2.20) we arrive at (3.5).
Next, we prove the following auxiliary lemma.
Lemma 3.1. The residual R 1 in (3.6) can be rewritten as (3.13)
Proof. We just note, using the method in the form (2.22) , that
The result follows in light of (2.23), because ∂ t W (t) =∂W Proposition 3.4 (estimation of the main error). Let p n := sup Ω×In |g(x, t) −ḡ n |, 1 ≤ n ≤ N. Then, for the main errorρ = u − U and 1 ≤ m ≤ N , it holds that
where the time estimator E T,1 m is given by
and E S,3
and the coarsening and data estimators E 
respectively.
Proof. Setting φ =ρ in (3.5) and taking real parts yields
Then, it is easily seen that
cf. (3.13), and
cf. (3.7)-(3.9). Going back to (3.19) and plugging in (3.20)-(3.21) we readily obtain (3.14).
Remark 3.1 (optimal order of the estimators in (3.14)). It is clear that the space estimators E S,j m , 1 ≤ j ≤ 3, are expected to be of optimal order of accuracy in space. In fact, estimator E S,1 m is expected to be of optimal order in space and of order one in time, i.e., it is a superconvergent term. As far as the first part of the time estimator E T,1 m is concerned, we note that 
So, it is expected to be of optimal order of accuracy in time. Numerically, this term can be computed by invoking a quadrature in time, which is at least second order accurate (i.e., at least as accurate as the accuracy of the discretization method in time). The second part of E T,1 m is expected to be of optimal order in both time and space. On the other hand, note that estimator E C m is not identically zero, only during the coarsening procedure. Finally, for the estimators related to the data of the problem we have
The term f (t) − P n F (t) is handled similarly. Thus, it is straightforward to see that E D m can be split into optimal order estimators in time and space, while u 0 − R 0 U 0 is easily estimated a posteriori via optimal order estimators in space.
Remark 3.2 (the constants p n ). For the constants p n we note that p n ≤ p n,1 +p n,2 with p n,1 := sup Ω×In |g(x, t)− g(x, t n− )| . Therefore, p n,1 = O(k n ), while p n,2 is relatively small, provided that g does not change much, with respect to the spatial variable. More precisely, p n,2 ≡ 0 when g is constant in space, while the estimators that are multiplied by p n in (3.14) vanish for constant potentials. This particular behavior of the estimators is natural from physical point of view.
We conclude with the main theorem of the paper.
. Let u be the exact solution of (1.1) and let U be the continuous approximation (2.15) of u related to the modified Crank-Nicolson-Galerkin method (2.4). Then, the following estimate is valid for 1 ≤ m ≤ N : 
Numerical Experiments: Uniform Partition
In this section, we perform various numerical experiments for the one-dimensional linear semiclassical Schrödinger equation:
using uniform partitions. Our experiments, not only illustrate and complement our theoretical results, but also give important information in several other interesting aspects, like the behavior of the estimators with respect to the parameter ε. At the moment, the particular behavior can only be proven formally; cf. Subsection 4.2.
In all of the numerical experiments, the initial data is of the well known semiclassical WKB form:
In (4.2), n 0 and S 0 are real and smooth functions on [a, b]. In addition, n 0 is positive on (a, b) and vanishes (numerically) at the endpoints a and b.
The modified Galerkin-Crank-Nicolson method (2.4) and the corresponding a posteriori error estimators for problem (4.1)-(4.2) with homogeneous Dirichlet boundary conditions, were implemented in a double precision C-code, using B-splines of degree r, r ∈ N, as a basis for the finite element space V n , 0 ≤ n ≤ N . The involved projections Π n and P n in (2.4) are taken to be the
In what follows, we present some characteristic examples that allow us to verify the correct order of convergence of the estimators in time and space, and their dependence on the Planck constant ε. We also report on the relation between the time and space mesh sizes with respect to ε in order to have convergence.
4.1. EOC of the estimators. We proceed by studying two different cases. The first one concerns timeindependent potentials, while in the second one we consider a time-dependent potential.
Experiment 1 (Time-independent potentials). Here, we consider three well-known types of potential: a constant potential, a harmonic oscillator and a double-well potential ( [31, 14, 25] ). In all three examples, the Planck constant is taken to be of order 1. More precisely, we study the following cases: a. V (x) = 100, n 0 (x) = e N is expected to be of optimal order in space and of order 1 in time, i.e., it is a superconvergent term. Therefore, the EOC we expect to observe is h r+1 · h .
We are also interested in computing the effectivity index, defined as the ratio between the total a posteriori error estimator and the corresponding norm of the exact error. Since we do not have at our disposal the exact solution for the three examples, we compute a reference solution u ref instead, by taking very fine mesh and time step. In particular, we take as k n . In addition, we define
and we compute the effectivity index ei as ei := E total N /Eref. Note that for uniform partitions, the coarsening estimator E C N is identically zero. Our findings are reported in Tables 1-6 . In the case of constant potential V (x) = 100, we discretize in space by linear B-splines. We recall that in this case E S,2 N is identically zero and does not appear in Table 1 . As we see in Tables 1, 2 , all estimators decrease with the correct order. We observe that the total error is mainly due to the time estimator E T,1 while the effectivity index is around 1.04, i.e., the total estimator E total N is very close to the reference error. However constant potentials are the simplest; actually, from physical point of view, having a constant potential is like having no potential at all.
In Tables 3, 4 the results for the harmonic oscillator (1b) are presented. We use quadratic B-splines for the discretization in space. The correct order of convergence is observed for all estimators. The dominant estimator for the harmonic oscillator is E S,3 N , while the effectivity index tends asymptotically to the constant value 4.5. Table 6 . Time estimators E T,j N , j = 0, 1, and EOC, total estimator E total N , reference error Eref, and effectivity index ei for Experiment 1c.
Finally, for the double-well potential (1c), we discretize in space by cubic B-splines. The results are listed in Tables 5, 6 . For this example, the effectivity index seems to be asymptotically constant (around 47.8), but it is certainly larger compared to the previous two examples. This is maybe an indicator that the presented analysis can be improved, in order to end-up with better effectivity indices. Effectivity indices of this size were also observed in experiments for the two-dimensional heat equation, for backward Euler finite element schemes ( [21] ) and for the corresponding to (2.4) method ( [6] ).
Experiment 2 (A time-dependent potential). In the second experiment we consider the time-dependent potential V (x, t) = (1 + t) 2 x 2 2 . Such potentials were studied for example in [22, 8] . In order to have an example where we can evaluate the exact error, instead of solving numerically problem (4.1)-(4.2) with zero Dirichlet boundary conditions, we replace (4.1) by (4.6)
(for this experiment, ε = 1). We consider as exact solution u(x, t) = e constant value, which is around 368, which is a strong indication that there maybe room for improvement of the analysis. We point out though, that no a posteriori error bounds of optimal order exist in the literature for time-dependent potentials and any numerical method. It is the first time that a complete a posteriori error analysis is provided and numerically verified for operators of the form i(−∆ + V (x, t)). [2] . In that respect, and assuming that U n , 0 ≤ n ≤ N, are reasonably good approximations to u at the nodes t n , we expect the following behavior of the a posteriori error estimators with respect to the parameter ε:
Relations (4.7)-(4.8) give us an idea on how we have to choose the time and space steps so that the estimators converge. The suggested choice seems to be restrictive; however it is the expected one. Indeed the a priori error analysis for CNFE schemes gives that [2] , and naturally, conditions (4.7)-(4.8) were not expected to be more relaxed. Next, we verify numerically N is identically zero. The particular example has been considered earlier in [2] (see also [27] ) and it is interesting because caustics are formed before the final time T = 0.54. First, we consider the case ε = 0.005. We discretize by B-splines of degree 1 and we consider uniform partitions in both time and space with k = h. The behavior of the space and time a posteriori error estimators are reported in Table 9 . As (4.7) suggests, estimator E S,1 N has the expected behavior for k = h ≤ 5 × 10 −4 ,
5.9846e−01 3.3162e+02 6.4332e+01 5.5855 1.8291e+03 10 N . In particular, note that for k ≥ 10
N is not reasonable, something we expect, provided that (4.8) is true and ε = 0.005. Note however, that estimator E S,0 N behaves better than expected, since for h = 10 −2 it already decays with optimal order.
Next, we consider the case ε = 0.001. We discretize in space by cubic B-splines. To verify numerically (4.7), we take constant time step, k = 5 × 10 −3 so that k ε = O(1), and thus be able to see only the effect of the space discretization with respect to ε for E S,1 N . As before, in Table 10 , the stated relation (4.7) between h and ε is observed for E ε 5 is controlled, and allow us to exploit the behavior of k with respect to ε. Our findings are shown in Table 10 . 3.9816e−05 1.4459e−01 
Numerical Experiments: Adaptivity
In this section, we adjust and further develop a time-space adaptive algorithm for linear Schrödinger equations, using the a posteriori error estimators derived earlier. Our goal is to study numerically the behavior of the estimators under this adaptive algorithm, and investigate the benefits, in terms of computational cost and accuracy, of time-space adaptivity.
To this end, we consider, as in the previous section, the one-dimensional linear Schrödinger equation in the semiclassical regime, cf. (4.1), along with the WKB initial condition (4.2). The presented numerical experiments indicate that adaptivity through the a posteriori error bounds is indeed advantageous, especially for relatively small values of the Planck constant ε, for both time-independent and time-dependent potentials. Furthermore, by appropriately modifying the adaptive algorithm we are able to construct efficient approximations, not only to the exact solution u, but also to observables (1.3) and (1.4) of problem (4.1)-(4.2). As already mentioned, for small values of ε it is very difficult to approximate correctly (1. 3) and (1.4) , unless very fine mesh sizes are used. The problem becomes harder in cases where caustics develop. This is a hard and delicate issue and adaptivity can play an important role to resolve it.
5.1. The adaptive algorithm. We consider, modify and further develop the time-space algorithm of [30] , introduced first in [28] . We stress out once more that we do not claim that the particular adaptive algorithm is an optimal one. However, it appears to perform well for the problem under consideration and the estimators at hand. In that respect, it is possible to check the efficiency and robustness of the estimators.
We next briefly describe the algorithm we use. To this end, we use G n to indicate the spatial grid at t = t n . We also use the notation ζ
. In addition, we can write
n ,
n and ζ D n can readily be obtained from (3.1), (3.2), and (3.15)-(3.18). In all computations the constant C, cf., (3.15) , is taken equal to 1 and the involved local time integrals are computed using the midpoint quadrature rule. For 1 ≤ n ≤ m ≤ N, we further define
and let tol S and tol T denote the tolerances for the local time and space estimators ζ More precisely, the adaptive algorithm starts by advancing the solution and computing the local space and time estimators. Next, before starting the process of adapting the spatial grid, we perform a time-step refinement, if necessary, based on the local time estimator. We proceed on the spatial adaptation part of algorithm based on the local space estimator: we first mark the elements for refinement and/or coarsening and we adapt the grid appropriately, we recompute the solution and the local space and time estimators. Next we perform another time-step refinement, if necessary, based on the local time estimator and then we loop back to the space estimator check. One step of the adaptive algorithm then concludes by a time-step coarsening step.
Reasonable choices for the parameters θ 1 and θ 2 are θ 1 = 0.9 and θ 2 = 0.2, while for δ 1 and δ 2 we take δ 1 = 0.75 and δ 2 = 1.25. In all of the experiments, the coarsening percentage is taken to be 10%. For the mesh refinement percentage, we take 1% for the time-dependent potentials and 5% for all the other cases. In the sequel, we denote byẼ where · denotes the integral part of a real number and M n denotes the degrees of freedom at time-level t n .
5.2.
Time-independent potentials. For the first set of the numerical experiments with adaptivity, we consider two characteristic cases of time-independent potentials: a constant potential and a harmonic oscillator. In both cases, we consider the WKB initial data (4.2) with
In particular we consider: Time-Space Adaptive Algorithm
Solve the discrete problem:
Compute Estimators ζ Solve the discrete problem:
As expected, we observe adaptivity in space but we do not observe adaptivity in time. However, in this case, we emphasize that regardless of the initial choice of the time-step, the adaptive algorithm is able to produce the required time-step for the desirable tolerance of the error. For this example, the given initial time-step was 10 −3 and adapted by the algorithm to 1.34 × 10 −7 , which is in agreement with (4.8) (see also (4.9)). Next, we perform the same experiment, but using uniform partitions and the same degrees of freedom as in the adaptive algorithm. The estimators are plotted in Figure 1 in logarithmic scale, for both the adaptive algorithm and the uniform partition. We observe that the total estimator computed with the uniform partition is two orders of magnitude larger compared to the corresponding one using adaptivity. Since the time-step, after its initial adaptation remains fixed, the evolution of the total time estimator is the same for both the adaptive algorithm and the corresponding uniform partition. The total space estimator dominates the time estimator in the uniform partition, and this is the reason thatẼ S m coincides with the total estimator on the right plot of Figure 1 .
For the second case, we discretize in space by cubic B-splines and we apply again the adaptive algorithm. As initial time-step we take again 10 −3 and adapted to 7.5 × 10 −5 , which is larger than the expected one. This is because both (4.8), (4.9) are sufficient, but not always necessary conditions for convergence for problem (4.1)-(4.2). The fact that the adaptive algorithm is able to compute the correct time-step size can be considered an advantage, since for the linear Schrödinger equation in the semiclassical regime such a choice is crucial and delicate from the point of view of accuracy and stability of the approximations, as well as from the point of view of computational cost. In each time-slot, the mesh size varies from 7.32 × 10 −6 to 2.4 × 10 −1 , which proves that conditions (4.7) can be relaxed through adaptivity in space; very fine mesh sizes are needed only in certain areas of [−1, 2] . In Figure 2 , we plot the evolution of time, space and total estimators in logarithmic scale and the position density at the beginning and at the final time T = 0.54. As we observe from the plot of |U | 2 at T = 0.54, caustics are formed for this problem as well. The a priori knowledge of such information requires very technical and tedious calculations. However this information can be obtained through the a posteriori error analysis and adaptivity. 2 ω(t), where ω denotes a smooth function in time; [8, 22] . To check the efficiency of the estimators during time adaptivity, we choose two time-dependent potentials of this form, which change relatively fast with time. As n 0 (x) we take the one in (5.1), while we choose S 0 (x) = 5(x 2 − x), and we define the initial condition through (4.2). We use quadratic B-splines and we apply the time-space adaptive algorithm. In Figure 3 , we plot the evolution of the estimators in a logarithmic scale, as well as the variation of the time-steps k n during time adaptivity. The considered potential changes faster with time in the subinterval [0, 1], compared to [1, 3] , and this is the reason the required time-step is considerably smaller in this area. For this experiment, in each time-slot, the mesh size varies from 1.17 × 10 −4 to 1.2 × 10 −1 . . We take the same initial condition as in the previous experiment and cubic B-splines. In Figure 4 , we plot the evolution of the estimators in logarithmic scale and the variation in time of the time-steps and of the degrees of freedom. This is a characteristic example where intensive adaptivity is observed, in both time and space.
In Figure 5 , we plot four snapshots: at the beginning, at the final time and in two intermediate times. From the plots we can also see the distribution of the grid points. At t = 0, we start with uniform partition. For the remaining three snapshots, we observe that the points are dense close to rough changes of the approximation. Especially, in the third snapshot (left plot from below), almost all the points are concentrated close to the peak, while in areas where the solution doesn't change much, the grid is very sparse. This is an indicator of the robustness of the adaptive algorithm which can provide reliable results with considerably less computational cost, compared to uniform grids.
5.4.
Approximation of the observables. We focus next on the approximation of the observables (1.3), (1.4) . In particular, we propose a modification of the adaptive algorithm and we verify numerically the advantages of the modified algorithm for the approximation of the observables, in terms of computational cost and accuracy.
For CNFE schemes, it is well known that the restrictive conditions between mesh sizes and the parameter ε needed for the efficient error control of the exact solution of (4.1)-(4.2) can be relaxed for the error control of . the corresponding observables. More precisely, as it was proven in [26, 27] , a sufficient and necessary condition for approximating well the observables is
approximation of the exact solution implies the L ∞ approximation of observables' mean value; [2] . In view of all these, we modify the adaptive algorithm as follows: We multiply all estimators but E S,0 m and E T,0 m by ε, so that the new estimators will converge provided that h ε + k ε → 0, cf., (4.7),(4.8). Then, we apply the same algorithm, but with respect to these new estimators.
We then perform various numerical experiments to verify whether this partially heuristic idea can be advantageous to the approximation of the observables. More precisely, we consider the constant potential V (x) ≡ 10 and the WKB initial condition (4.2) with √ n 0 and S 0 as in ( Recall that the particular example, considered earlier in [2] , is interesting because caustics are formed before the final time. For the case ε = 10 −3 , we take k = 10 −5 and discretize by quadratic B-splines, whereas for ε = 2.5 × 10 −4 , we take k = 3 × 10 −6 and discretize by B-splines of degree 4. In Figures 6, 8 , we plot the position density using the adaptive algorithm (left plot) and uniform grid with the same degrees of freedom (right plot). The solid line corresponds to the semiclassical limit of the exact observable which is possible to compute for constant potentials. The dotted lines correspond to the approximate observable. As we observe from these plots, the approximation using adaptivity is very good, while the one using uniform partition misses completely the angles and peaks. Similar comments can be made for the plots referring to the current density. These plots can be viewed in Figures 7 and 9 for ε = 10 −3 and 2.5 × 10 −4 , respectively. In the plots concerning the approximations with space adaptivity, we also see the distribution of the grid points. It is remarkable that most of the points are concentrated close to the angles and peaks. On the contrary, very few points are placed around the endpoints, where the observables remain constant. The total number of degrees of freedom in adaptivity corresponds to 1458 DoF's in each time-slot for ε = 10 −3 and to 3186 for the case ε = 2.5 × 10 −4 . The required degrees of freedom in each time-slot with uniform partition are more than 3000 for ε = 10 −3 and more than 12000 for ε = 2.5 × 10 −4 . Figure 7 . Current density at the final time T = 0.54 in case ε = 10 −3 . Solid line represents the semiclassical limit of the exact observable, while dotted line represents the approximation using adaptivity (left) and uniform partition with the same DoF's (right). . Solid line represents the semiclassical limit of the exact observable, while dotted line represents the approximation using adaptivity (left) and uniform partition with the same DoF's (right). ε = 2.5 × 10 −4 , we take k = 3 × 10 −6 and discretize by B-splines of degree 4. In Figures 6, 8 , we plot the position density using the adaptive algorithm (left plot) and uniform grid with the same degrees of freedom (right plot). The solid line corresponds to the semiclassical limit of the exact observable which is possible to compute for constant potentials. The dotted lines correspond to the approximate observable. As we observe from these plots, the approximation using adaptivity is very good, while the one using uniform partition misses completely the angles and peaks. Similar comments can be made for the plots referring to the current density. These plots can be viewed in Figures 7 and 9 for ε = 10 −3 and 2.5 × 10 −4 , respectively. In the plots concerning the approximations with space adaptivity, we also see the distribution of the grid points. It is remarkable that most of the points are concentrated close to the angles and peaks. On the contrary, very few points are placed around the endpoints, where the observables remain constant. The total number of degrees of freedom in adaptivity corresponds to 1458 DoF's in each time-slot for ε = 10 −3 and to 3186 for the case ε = 2.5 × 10 −4 . Figure 9 . Current density at the final time T = 0.54 in case ε = 2.5 × 10 −4 . Solid line represents the semiclassical limit of the exact observable, while dotted line represents the approximation using adaptivity (left) and uniform partition with the same DoF's (right). The required degrees of freedom in each time-slot with uniform partition are more than 3000 for ε = 10 −3 and more than 12000 for ε = 2.5 × 10 −4 . The first two tests indicate that the smaller the value of ε using adaptivity is very advantageous. To make this indication stronger, we perform a final test in which . This is another example where caustics are formed. We use cubic B-splines and k = 5 × 10 −7 . In Figures 10,11 , we plot on the left the approximation with space adaptivity and on the right the corresponding with uniform partition and the same degrees of freedom. The result obtained using the uniform partition is very poor. The approximate solution misses the angles and peaks, and, in fact, fails to approximate the actual observables. On the other hand, those obtained by adaptivity, appear to be very good approximations. The number of total degrees of freedom in adaptivity corresponds to 3670 DoF's in each time-slot, while the required DoF's in each time slot with uniform partition is more than 20000. This final set of experiments, indicates that the a posteriori error estimators can appropriately be used together with adaptive strategies not only for the efficient error control of the wave function u, but for the observables as well. The tests suggest that the computational cost is drastically reduced and the adaptive procedure gives encouraging results for small values of the Planck constant ε. However, no rigorous analysis has been provided and further numerical experiments including more general potentials need to be performed in order to draw safe conclusions. This very interesting problem requires further investigation and will be the subject of a forthcoming work.
